Modal disparity and a topology optimization problem seeking to maximize this disparity are introduced, with the goal of developing a new methodology for control of vibration in flexible structures. Modal disparity is generated in a structure by the application of external forces that vary the stiffness of the structure. When the forces are switched on and off and, as a result, the structure is switched between two stiffness states, modal disparity results in vibration energy being transferred from a set of uncontrolled modes to a set of controlled modes. This allows the vibration of the structure to be completely attenuated by removing energy only from a small set of controlled modes. A topology optimization problem determines the best locations for application of the external forces. Simulation results are presented to demonstrate control of vibration exploiting modal disparity in two 3D frame structures.
INTRODUCTION
Structural control remains a topic of relevance due to the high performance demands of space structures, such as the lightweight and active mirror system proposed for space-based imaging, and large terrestrial structures subjected to random excitation by wind. These structures have a large number of flexible modes that need to be actively controlled for satisfactory performance. Although the traditional approach of modal control can be used to suppress vibration, there are practical limitations that pose significant challenges in control design tasks. In this work we propose a strategy to control the vibration of 3D frames using structural stiffness variation. The method is based on a strategic application of pre-stresses on a structure of prescribed layout using cables. The number and layout of these cables is initially unknown and is the subject of optimization. As will become apparent, the problem of finding an optimal cable layout can be cast in the standard formulation of topology optimization of truss structures.
One of the fundamental problems in modal control of large flexible structures is spillover [1, 2] , which stems from reduced-order models designed for control simplification. Control spillover occurs when control energy influences modes other than those modelled and controlled. Although we do not propose to address the problem of spillover directly, the control methodology introduced here has the potential to sidestep the spillover problem by diverting energy away from the residual and unmodeled modes and into the modelled, controlled modes, where it can be dissipated by actuation. Another disadvantage of the traditional approach to vibration suppression based on modal control is the need for estimation and control of every significant mode of the system. This requires a large number of actuators and sensors and a high-dimensional state space model. Our control methodology, in comparison, will provide control authority over the significant flexible modes using a relatively small number of sensors and actuators and a low-dimensional state space model.
The strategy works as follows. We assume that the system to be controlled is built using two types of components: load carrying members and cables. The load carrying members, modelled as beams, make up a structure of known, fixed layout and sectional and material properties. The cables are anchored strategically at different positions in the structure and can be under a tension of magnitude T . This tension can be switched on and off at prescribed but arbitrary time intervals, except that all cables are either slack or taut simultaneously. The tension T is sufficiently large to cause a pre-stresses in the structure of magnitude such that the effective stiffness of the structure is changed. Thus, turning the tension on or off effectively introduces a stiffness variation which cycles over two stiffness states, K (1) (no tension) and K (2) (tension T applied). Modes associated with these states can be different and this difference is exploited in designing the control strategy. Only a small number of modes associated with each state are controlled. However, because uncontrolled modes in one state may have a non-zero projection on the space spanned by the controlled modes of the other state, energy may be continuously funneled from uncontrolled to controlled modes. This allows the suppression of undesired vibrations in the structure using only a small number of costly actuators and sensors plus a few inexpensive To appear ASME J Mech Designmotors needed to tense the cables. This strategy will be effective provided that there is sufficient disparity between the modes associated with the two states. This disparity is the so-called "modal disparity" between stiffness states K (1) (cables slack) and K (2) (cables taut). Since the structure is assumed to be known, state K (1) and its associated modes are known. Thus modal disparity depends on where the cables are placed. The optimal location of the cables will be the one that results in the largest possible modal disparity. This will suggest the objective function to be maximized. Since both the number and the layout of the cables can be optimized, the problem can be appropriately cast and efficiently solved as a topology optimization problem. The methodology is quite similar to that used in truss topology optimization problems, dating back to the work by Dorn et al [3] . The principle of taking advantage of pre-stresses in a topology optimization context was used in plate problems in [4] .
The rest of the paper is organized as follows. The analysis model is introduced in Section 2, where the principal modelling assumptions are introduced. In Section 3, the optimization problem is presented and a solution strategy is outlined. Examples illustrating the procedure are presented in Section 4 and conclusions end the presentation in Section 5.
NOMENCLATURE M
= mass matrix of the structure (cables are massless). 
THE ANALYSIS MODEL

The Cable-Induced Stresses
A typical structure is shown in Fig. 1 . The figure shows structural members (thin lines) as well as cables (thick lines). The model is a linear model. Structural members are slender and include decoupled bending, torsion and axial effects. The cables are assumed to be inextensible and massless and
To appear ASME J Mech Design tension in the cables is applied by motors. The motors are operated in the current control mode to maintain a constant tension T α . This is not difficult to achieve in practice.
It is convenient to examine first the effect of only one cable, cable α joining nodes i and j in the structure, under a unit tension load. The effect of such cable alone can be modelled as a self-equilibrating load pair n α = {n 
Here the stiffness matrix K 0 includes all axial, torsion and bending effects but not geometric stiffness terms. Element matrices are standard in finite element analysis (e.g., see [5] ). Then the axial stress caused on element e by cable α under a unit tension is
where ε αe : ε αe (w 0 αe ) is the axial strain in element e caused by cable α under a unit tension. Note that these quantities can be pre-computed for all possible cables α that can be attached to a structure. The effect of n c cables, each stretched to a tension load of magnitude T α , is obtained by superposition. The stress in element e is then
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The System Dynamics
We assume that the system dynamics can be modelled by the equations
In (4) M is a (lumped) mass matrix, K represents the stiffness of the structure-cable system and w represents the time-varying response of the structure after it experiences a disturbance, modelled here by an initial displacements d 0 and velocity v 0 . As mentioned in the introduction, the system is operated in two stiffness states:
• In stiffness state 1, the cables are slack. In that case the stiffness matrix in Eq. (4) is
• In stiffness state 2, the cables are taut, each under a tension load of magnitude T α . The effect of the cables appears as a contribution to the stiffness matrix. In this case the stiffness matrix in Eq. (4) is
where K G is the geometric stiffness. The procedure for the computation of K G is discussed below.
When the structure is pre-stressed by the cables, member e carries an axial load of magnitude P (positive in tension). If the member bends under the action of additional loads, this load will do work. If load P remains constant throughout the deformation, the potential energy associated with this behavior is the potential energy of a beam column, namely
(recall that P is positive in tension). In Eq. (7) y measures the transverse displacement of the beam-column and EI is the flexural stiffness (1) . The second term on the right arises from the application of an axial load of magnitude P . It should be emphasized that in this model, P is assumed to be independent of the deformation (y). This assumption results in important modeling simplifications. Upon discretization, the stiffness of one finite element is of the form (8) where K G e is the so-called element geometric stiffness (also called the initial stress matrix, see [6] ) and P e is the axial load carried by element e. Note that a structure built using these structural elements is more properly characterized as a 3D frame, rather than a truss. K 0 e is the standard 3-D beam stiffness matrix. In the present model, it is assumed that
where σ 0 e is a pre-stress, computed from Eq. (3) and arising from cable tensions. Thus, in the second stiffness state, when the cables are taut under a tension T α , the bending stiffness of one element is
(10) and the structure's geometric stiffness K G is obtained after assembly of all elements, i.e.,
In this model, the pre-stresses σ 0 e are assumed to be independent of the deformation w in Eq. (4). This in an important simplification that renders the problem linear. It should be emphasized that the pre-stress that the cable tensions cause in each bar in the structure represent only the mean value of the stress the bar will experience as the structure undergoes vibration in the cable taut state. Thus the assumption that the pre-stress remains constant is only satisfied in the mean.
Using Eq. (3) to separate the contributions from each cable to the overall geometric stiffness, we can write the structure's geometric stiffness in Eq. (11) as
where the element pre-tension P e is
This form of the geometric stiffness matrix will be used in the optimization problem in the next section. Note that since the element pre-stresses σ 0 αe arise from unit cable tensions and can be pre-computed for all possible cable systems once and for all, computation of the element pre-tension P e for any pattern of cable tensions is computationally inexpensive.
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The Eigenvalue Problems
A modal analysis of the system in each of its two stiffness states leads to the following eigenvalue problems:
• Stiffness State 1:
• Stiffness State 2:
. . N , are associated with the free vibration of the structure without the cables while eigenpairs (v
, µ i ) are associated with the free vibration of the structure with the cables under a tension load T α . The eigenvectors can be normalized with respect to the mass matrix so that
and
where δ ij is the Kronecker delta. However, in general, cross products u
are not zero and their magnitude provides a measure of modal disparity between the system it its two states. This will be used next in the definition of the optimization problem.
THE OPTIMIZATION PROBLEM
The Objective Function
Consider the projection of each mode u
on to the space spanned by the v
Let I C be the index set of controlled modes and I U be the index set of the remaining modes in the structure. When cables go from slack to taut, the modes change from u to v and uncontrolled modes u , i ∈ I C . The magnitude of this projection is measured by
The situation is similar going from state 2 (cables taut
where
As before, when cables go from taut to slack, the modes change from v to u and uncontrolled modes v , j ∈ I U now have a projection on the space spanned by controlled modes u , i ∈ I C . The magnitude of this projection is measured by
Thus functions f 12 and f 21 measure the modal disparity between the states of cable slack and cable taut. Since the goal is to funnel energy from uncontrolled modes I U to controlled I C when going from either state to the other, a suitable objective is to maximize
Finally, we may assume without loss of generality that only N 1 modes, N 1 < N , contribute to the vibration of the structure (e.g., because higher order modes are dissipated by structural damping) . Then we can use only a subset I U of the uncontrolled modes in I U in Eq. (24).
The Ground Cable System
We will use a formulation similar to a ground structure approach in truss topology optimization. In this case, however, the ground structure is for the cable system. To avoid confusion we will refer to it as the ground cable system (GCS), since in this problem the structure is fixed and we only seek to optimize the position of the cables.
The GCS is a system of cables connecting pairs of points in the structure. Typically, the GCS is formed by connecting with cables every joint i to every other joint j of the structure. However, smaller sets can be considered to suit a particular application. The GCS is defined by a set I GCS of pairs (i,j), where i and j represent points in the structure. The cables or, equivalently, To appear ASME J Mech Designthe pairs (i,j), are numbered sequentially from 1 to n c , where n c is the number of cables in the GCS.
The Discrete Optimization Problem
The design variables in this problem are the tensions T α in each cable in the GCS, α=1,2,.., n c . We assume that T α can be expressed as
where χ α takes values either 0 (α cable is switched off) or 1 (α cable is switched on). These indicator functions become the unknowns in the optimization problem.
The last two constraints are introduced to make sure that (a) the deflection of the structure under the action of the cables is small (bounded by w M AX ) and (b) the tension in the cables does not cause the structure to buckle. One would expect that in a properly designed structure, neither one of these two constraints will be active at the optimal solution. In general, the additional stress caused by the cable action is not of significant magnitude to require stress constraints. Nevertheless, such constraints could be accommodated easily, as (mean) stresses can be conveniently expressed as linear combinations of the design variables using Eqs. (3) and (25). The constraints on the eigenvalues µ i will prevent buckling, a more realistic possibility, as a typical structure is much more likely to buckle than to yield.
The Continuous Optimization Problem
To avoid solving problem 26 as a discrete programming problem, we introduce continuous variables ρ α ∈ [0, 1] and write the cable tensions as
where p ≥1 is a small penalty parameter. This is motivated by the so-called SIMP material approach [7, 8] in topology optimization. The continuous version of the optimization problem replaces χ α by ρ α as the design variable. The problem is now
Data for problem (28) 
The Sensitivity Analysis
To relate the objective function f to the design variables ρ α g, we recall from Eq. (19) that
and therefore f depends on the eigenvectors v
of the system in the second stiffness state (cables taut). These eigenvectors are obtained from
where K G is as in Eq. (12) and can be expressed in terms of the design variables ρ α as
If an eigenvalue µ i is distinct, the corresponding eigenvector v
is differentiable with respect to the design variables ρ α and
To appear ASME J Mech Designwhere
Since in Eq. (29) the terms inside the second summation on the right are all independent of ρ, ∂K G ∂ρ α is easily computed as
and finally, defining c α kk = 0,
In practice, only a few modes k need to be kept in Eq. (33) to achieve reasonable accuracy in the sensitivity vector Eq. (30). Equation (33) is sufficient to construct the gradient of the objective function f with respect to the design variables in problem (28).
A Solution Strategy
Problem (28) can be solved using a gradient-based optimization method. Here we used the method of moving asymptotes (MMA), as implemented by Svanberg [9] . Starting from ρ=0 (all cables slack), convergence is typically achieved in a few iterations. Convergence to an binary solution (i.e., ρ α = 0 or 1) is facilitated if a sequence of optimization problems is solved, combined with a simple filtering scheme that removes cables from the GCS with low tension (i.e., ρ α < ε , a small number) after each solution.
EXAMPLES
Example 1
This example illustrates the optimization problem. The structure, shown in Fig. 1 , is tower-like and supported (pinned) at the base. The structure is 15.24 m (600 in) tall and 5.08 m (200 in) wide at the base and has 20 members, each modelled using several beam elements. The GCS is formed by 14 cables joining all possible combinations of joints, except that no cable coincides with a structural member. The elastic modulus is E = 207*10 In this example we control mode 1 of the structure with cables slack and mode 1 of the structure with the cables taut, i.e, I C ={1}. Uncontrolled
To appear ASME J Mech Design modes I U ={2,3,4} in both states are assumed to be the only additional modes that contribute to the vibration of the structure (i.e., energy in modes 5 and higher are assumed to be damped by structural damping). We seek solutions with only 4 cables and apply a constant tension T = 2.22 kN (500 lb). A maximum static deflection w max = 2.5 mm (0.1 in) of any node in any direction is allowed under the cable action.
A solution to the optimization problem is shown in Fig. 2 . A nonsymmetric cable layout maximizes the modal disparity between the two states. We now test the performance of this cable layout when the structure is perturbed with an initial displacement
where φ i =1/ √ 3 = 0.5774, i=1,2,3,4. The energy in the uncontrolled modes
{2,3,4} is measured by
which equals 1 for the initial displacement. Initially, the cables are slack (stiffness state 1) and the structure is deformed and released. When the control action has removed all energy from mode u (1) , the cables are switched "on" and modes change from u to v (stiffness state 2). Again, when the control action has removed all energy from mode v (1) , cables are switched "off" and the cycle is repeated. Each time energy from the uncontrolled modes is funneled into the controlled modes Figure 3 shows the history of changes e U . After 20 on/off switches e U is reduced significantly. Energy has been removed from modes {2,3,4} using only control action on mode 1.
Optimization problem (28) is likely to have several local optima and finding all of them -or even a small subset-using a gradient-based algorithm such as the MMA may not be possible. To find a globally optimum solution an evolutionary algorithm may be a more suitable, but also a more computationally intensive alternative. In most cases, problem size will make this approach prohibitive. The present example, however, is small enough so that application of a standard genetic algorithm is possible. Using this approach a new and slightly better local optimum (about 10% higher objective function) was found (Fig. 4 ).
Example 2
In this example the structure, shown in Fig. 5(a) , is box-like and supported (pinned) at the base (left end). The structure is 3.05×0.508×0.254 m (120×20×10 in). Members are tube stock with outside radius 2.54 mm (1.0 in) and thickness 1.27 mm (0.05 in). Material and other parameters are as in Example 1. The GCS (Fig. 5(b) ) is formed by 33 cables.
In this example I C ={1,2}. Uncontrolled modes are I U ={3,4,5,6} and energy in modes 7 and higher is neglected. We seek solutions with only 4 cables and apply a constant tension T = 3.34 kN (750 lb).
The solution found by the optimization scheme is shown in Fig. 5(c) . Using this 4 cable system and switching control actuation controlling only 
CONCLUSIONS
We addressed a topology optimization problem in this paper wherein the goal was to determine the best locations for application of forces in a structure to maximize modal disparity. The forces in the structure were applied using cables and it was assumed that these forces are sufficiently large to result in stiffness variation and difference between the modes of the system at two stiffness states. Modal disparity ensures a non-zero projection of a set of modes at one stiffness state onto the remaining modes at the other stiffness state and maximizing disparity aids in funneling vibration energy from one set of modes to the other. In this paper we proposed a control strategy that removes energy from a small set of modes and switches the structure between two stiffness states to transfer energy from the other modes to the set of controlled modes. The efficacy of the strategy was demonstrated through numerical simulations in two 3D frame structures; the optimization problem in these examples was solved for a fixed number of cables. A number of simplifying assumptions made this problem computationally more attractive. Among them, the switching of the cables on and off was assumed to be quasistatic and such that it did not contribute energy to the system. Also, the assumption that the pre-stress introduced by the cables remains constant throughout the vibration was crucial in making the analysis model linear. The pre-stresses introduced by the cables represent the mean value of the stresses the bar will experience as the structure undergoes vibration in the Figure 6 : Decay of energy in uncontrolled modes in Example 2 after 20 on/off cable tension switches cable taut state with constant tension. Thus the assumption that the prestress remains constant is only satisfied in the sense of the mean and our estimate of modal disparity is correct only in this sense. Keeping cable tension constant is not difficult to achieve in practice since the tension can be applied by motors operating in current control mode. One could vary the tension in an attempt to keep stresses nearly constant, but this would require investment of resources to build an additional control system and would go against the underlying motivation of this work, namely, the reduction of control system hardware. Finally, the amount of modal disparity that can be introduced into a structure depends strongly on the layout of the structure. In a more elaborate model, the structure, along with the cable system, could be the subject of optimization. These extensions to the present work are under investigation. 
